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number of control grid points is used, difference between the
second sensitivity components for the performance index ¢
calculated with AVM and FDM is 11%. Note that even though
the DDM and AVM have different sensitivity coefficients, the
first variations agree almost 100% . Comparing (1-NIP) and RE
for performance index ¥, we observe that the order of magni-
tudes is different. For example, the order of (1-NIP) for DDM
is —8, and AVM is —4, and the order of RE for DDM is —4,
and AVM is — 2. This also is true for the sensitivity coefficients
of the terminal constraint 4. This indicates that DDM gives
more accurate gradients than AVM for this application, as may
be observed from the data given in Table 1.

A large number of control grid points (NU = 51)is also used
to compare the sensitivity coefficients for all the constraints.
Other data are the same as in the preceding case. Table 2 con-
tains comparison of sensitivity coefficients for ¢, A, and ¢.
Because of the large amount of data, component by component
comparison of the sensitivity coefficients is not included in the
table. Note that dy/db and di/db have 51 components, and
d¢/db is a matrix of gradients of dimension 51 X 101 because
there are 101 time grid points. Also, Table 2 does not contain
comparisons of first variations because they were all very close
to 100 with both the AVM and DDM. Also for ¢, comparisons
for only 11 out of 101 time grid points are shown in the table;
the remaining points had similar results. It may be observed
from the data in Table 2 that the accuracy of the analytical
methods is good. However, DDM is more accurate than AVM
for this example. This agrees with the results previously re-
ported.* In addition, DDM is easier to implement in a computer
program.

IV. Discussion and Conclusions

In this paper, the problem of verifying design sensitivity
analysis when implemented into a computer program is ad-
dressed. This verification is quite important because incorrect
gradients can cause the optimization process to fail or converge
to nonoptimum points. Three verification methods are pre-
sented: the first variation, normalized inner product, and
relative error in the largest component. It is observed that the
first variation method is considerably less expensive computa-
tionally than the other two methods. In the method, all design
variables are changed in Ab to evaluate the first variation by
finite differences. However, in the other two methods, design
variables must be changed one by one and functions re-evalu-
ated to calculate the gradient vector by the finite-difference
method.

The first variation method can measure only the global
accuracy of sensitivity calculations. It is shown that even if
global accuracy is good, there can be large errors in components
of the sensitivity vector. Therefore, this method is not suitable
for verifying design sensitivity analysis and is not recommended
for general usage.

It is clear that if components of the sensitivity vector are
good, then global accuracy is automatically good. Therefore,
the best approach is to verify each component of the sensitivity
vector. However, when there is a large difference in the mag-
nitude of the calculated gradient components, the method can
indicate large errors even if sensitivity calculations are correct.
So, the approach should be used with caution and should be
augmented with the normalized inner product or the relative
error criterion. This procedure of verifying sensitivity calcula-
tions is recommended for general usage. However, since the
procedure can be computationally expensive, it is recom-
mended to first verify the sensitivity calculations on several
small-scale problems before testing the program on large-scale
applications.
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Introduction

N a dynamic analysis, the mode shapes obtained from vi-

bration tests are generally not orthogonal to the analytical
mass matrix. Several methods have been published which
assume that the analytical mass matrix is correct and thereby
modify the measured modes to achieve orthogonality.!** An
alternate approach is to assume that the measured mode
shapes are exact and thus the analytical mass matrix is modi-
fied.*®

The reason that the mass matrix correction combined with
the Lagrange multiplier method has merit is that the resulting
analytical model predicts the results obtained from experi-
ments exactly. Also, this method is simpler and requires less
computer time than other approaches. However, this method
has limitations: 1) the banded character of the mass matrix is
destroyed after the modification and the modified mass matrix
does not represent the mass distribution of an actual structure,
and 2) the total weight of the system is changed from the test
value after the modification.

In this Note, an analytical mass matrix modification
method via element correction is proposed based on an incom-
plete set of modal test data. This approach has the capability
to change only those elements that require modification and,
therefore, preserves a banded or a full mass matrix. Further-
more, the total weight constraint is also enforced in the analy-
sis. It is felt that the present method is a viable technique for
improving an analytical model based on an incomplete set of
test data.
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Technical Approach
In an incomplete test, the measured modal matrix ®(n X m)
is rectangular, where n>m, and the analytical mass matrix
M, (n xn) is a symmetric matrix. The measured modes have
been normalized to fulfill the basic orthogonality requirement:

MO =] )

where M (n X n) is a symmetric matrix and represents a cor-
rected mass matrix. In addition to Eq. (1), a corrected mass
matrix has to satisfy the total weight constraint after modifica-
tion, as

ul\j:
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where Uj; is the weight per unit mass, W the total weight of the
system, and my; the ith row and jth column element of the
mass matrix M.

The simplest way to correct a mass matrix satisfying Egs. (1)
and (2) is given by minimizing a weighted Euclidean norm:
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Using Lagrange multipliers to include the constraints of
Eqgs. (1) and (2), the Lagrange function ¥ is defined as

¥=c+ |A@TMP - 1)\+3<EIEU,,m,, W> )
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where
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For convenience, the matrix A(m X m) is assumed to be a
symmetric Lagrange multiplier for Eq. (1). (Note that, if A is
not a symmetric matrix, then M = M7 symmetric matrix con-
straint is needed to yield the same result.) Also, § is a scalar
Lagrange multiplier for constraint [Eq. (2)], and §,, is the
Kronecker delta.

The partial differentiation of ¥ with respect to m;; is set to
zero, resulting in the m;; for minimum ¥. In matrix form, this
becomes

[:rjl,] MA'(M MA)MA + PAPT +BU =0 (6)
i

Rearranging Eq. (6) gives

M=MA—MA¢A¢TMA—BMAUMA (7)

Since M is an n X n symmetric matrix, Eq. (7) can be
represented as a column vector containing all of the diagonal
and right upper off-diagonal elements. This technique has the
capability of choosing the elements of the mass matrix re-
quired to be modified. That is,

(my} = (may} — A1 g} — BLBy) ®
where {m;} and {m Aij} are column vectors with a maximum
number of elements up to Yan(n + 1) elements. Both column
vectors include all of the diagonal and right upper off-diago-
nal elements of the matrices M and M, respectively. Also,
[AT{N,;} and {Bj;} represent similar terms of the matrices
M, ®A®™™, and M,UM,, respectively. Here, [4] is a
Yan(n + 1) row by Yam(m + 1) column rectangular matrix,
{Nsg} a vector with Vam(m + 1) elements, and {B;} a vector
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with Y2n(n + 1) elements. Matrix [4] can be expressed as
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Similarly, column vector {B;;} can be expressed as

{B;} = SZ:JImA,.SéUS, My, (10)
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From Eq. (1), the orthogonality constraint equation ex-
pressed in element form gives

[G1tmy) = {8y4) (1

where {8,,} is a vector with Yam(m + 1) elements, and [G] is
a Vam(m + 1) X Van(n + 1) rectangular matrix and can be
obtamed from
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From Eq. (2); the total dynamic system weight constraint
equation in element form can be shown to be

Upy{imyy =W (13)

where (Uj;) is a row vector with Y2n(n + 1) elements, and W
is a scalar. Substituting Eq. (8) into Eq. (11) yields

[Gltma,;} — [GIIAT{Nyg )} — BIGY(By} = {8y} (14

Because [G1[A] is a Vam(m + 1) X YVam(m + 1) nonsingular
matrix, the inverse matrix [H]~! exists, where

[H] = [G]I4] (15)
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Combining Eqgs. (14) and (15) allows the determination of
{Apg} as
Nog} = [H]"[G]{mA,-j} — BIH]'GI{B; ) — [H]~{8p)

(16)
Furthermore, from Eqgs. (8) and (16), {m;} is found as

tmy} = {ma,} —[ANH Gl Ema, ) + [A1H] {6y}
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Substituting Eq. (17) into Eq. (13) yields the scalar Lagrange
multiplier 3, '

8=E/F (18)
where
E=W = (Uy)tma,} + CUpANH] ' [G{my, )
~ CUNTANH] (8,4} 19
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Therefore, from Eq. (17), the corrected mass matrix, satisfy-
ing both the orthogonality requirement and total weight con-
straints, is obtained using the element modification method as
{my) = (ma,} — [AIH] TG tma, ) + [ANH] ' {8,,)

+(E/F)IA]H][G]{By;} — (E/F){By;} @n
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Conclusions

An analytical mass matrix modification has been achieved
using the element correction method. This method preserves
the original characteristics of a mass matrix while enforcing
both orthogonality and total weight constraints. In this ap-
proach, only the mass elements that require correction are
modified, and therefore the modified matrix is banded or a
full matrix. Also, no iteration is required in order to ensure
that the mass matrix satisfies the total weight constraint. This
method is very useful to improve the analytical mass model
based on an incomplete modal test.
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